In the paper, the well-known quantum mechanical problem of a spin 1/2 particle in external Coulomb potential, reduced to a system of two first-order differential equations, is studied from the point of view of possible applications of the Heun function theory to treat this system. It is shown that in addition to the standard way to solve the problem in terms of the confluent hypergeometric functions (proposed in 1928 by G. Darvin and W. Gordon), there are possible several other possibilities which rely on applying the confluent Heun functions. Namely, in the paper there are elaborated two combined possibilities to construct solutions: the first applies when one equation of the pair of relevant functions is expressed trough hypergeometric functions, and another constructed in terms of confluent Heun functions. In this respect, certain relations between the two classes of functions are established. It is shown that both functions of the system may be expressed in terms of confluent Heun functions. All the ways to study this problem lead us to a single energy spectrum, which indicates their correctness.
Introduction
The general Heun equation is a second order linear differential equation which has four regular singularities and different confluent forms [1, 2] . The general Heun equation and all its confluent forms turn out to be of primary significance in physical applications, for instance in quantum mechanics and field theory on the background of curved space-time models, and in optics -see . A more complete and comprehensive list of references can be found on the site of the Heun Project 1 .
In this paper, the well-known quantum mechanical problem of a spin 1/2 particle in external Coulomb potential, reduced to a system of two first-order differential equations, is studied from the point of view of possible applications of the Heun function theory to treat this system. It is shown that in addition to the standard way [73] to solve the problem in terms of the confluent hypergeometric functions (proposed in 1928 by G. Darvin and W. Gordon), there are possible several other possibilities which rely on applying confluent Heun functions. Namely, we shall elaborate two combined possibilities to construct solutions: one for the case when one equation of the pair of relevant functions is expressed trough hypergeometric functions, and another constructed in terms of confluent Heun functions. As well, certain relations between these two classes of functions are established. There exists a possibility to express both the functions of the system in terms of confluent Heun functions. All the ways to study the problem lead us to a unique energy spectrum, which indicates their correctness. In particular physical problems, there exist as well similar possibilities to avoid (with the help of special tricks) the use of Heun functions by restricting to the use of only hypergeometric functions -for instance see in [54, 55, 56, 57] .
The Coulomb problem: solutions constructed by hypergeometric and partially by Heun functions
In spherical coordinates, a diagonal tetrad has the form [74, 75] 
The Ricci rotation coefficients are
takes the form
With the help of relations
We further use the notations from [74, 75] .
equation (2) is simplified,
In order to diagonalize the operators i∂ t , J 2 , J 3 , one takes the wave function in the form [74] 
where the Wigner functions [76] are denoted by
After separating the variables, we get four radial equations (let ν = j + 1/2)
In a spherical tetrad, the space reflection operator is given by [74] 
From the eigenvalues equationsΠ sph Ψ jm = Π Ψ jm , we obtain
which simplifies (6),
where instead of f 1 and f 2 , the new variables f and g are used
For definiteness, let us consider the case when δ = 1,
by performing the replacement m −m we obtain the equations for δ = −1. The presence of the external Coulomb field is taken into account in (9) by the formal change ǫ ǫ + e r . Thus, the quantum Coulomb problem for a Dirac particle is described by the following radial system
Let us perform a linear transformation over the functions f (r) and g(r) 3 f (r) = aF (r) + cG(r), g(r) = dF (r) + bG(r) ,
Let us combine the equations (10) as follows: the first equation is multiplied by +b, the second by −c, and then sum the results; analogously, we add the first equation multiplied by −d with the second multiplied by +a. Thus we arrive at
For simplicity, let us assume that the transformation (11) does not depend on r, and let it be orthogonal:
which simplifies the equations (12)
There exist four possibilities (only two of them are different in fact):
2)
First, consider the case 1). Equations (14) take the form
After eliminating the function F , we get a second order equation for
or, differently,
Having in mind the identity sin A = e/ν, the last equation reduces to
After changing the variable,
With the use of the substitution G(x) = x a e bxḠ (x) forḠ, we get
this equation forḠ becomes simpler,
which is a confluent hypergeometric equation
To polynomials there corresponds the known restriction α = −n, n = 0, 1, 2, ..., which gives the known energy quantization rule
In turn, from (17) it follows a second order equation for F ,
and further,
Finally, we obtain
Let us introduce special designation for the additional singular point
then we obtain
After changing the variable y = r/R, it reads
Let us search solutions in the form F = y a e byF (y); the functionF obeys
With a, b taken according to 4 :
the above equation becomes simpler
This can be easily recognized as a confluent Heun equation for H(α, β, γ, δ, η, z),
with the parameters
Let us use the known condition [2] (one of two conditions needed to get polynomials):
it results the energy quantization rule
so we infer
which coincides with the known formula for energy levels.
It should be emphasized that as follows from (17), the function F (being constructed in terms of the confluent Heun functions) can be related with the function G (which is determined in terms of confluent hypergeometric functions) by means of the following differential operators:
and
They can be rewritten in the form
Let us consider the case 2) -see (16) . The equations (14) take the form
One can obtain a second order equation for G(r):
By making the change of variables x = 2 √ m 2 − E 2 r, we get
Let G(x) = x a e bxḠ (x); the functionḠ satisfies
we get
The solutions become polynomials if α = −n, n = 0, 1, 2, ...; this provides us with the energy spectrum
In turn, from (35) 
With the following special notation for the additional singular point
we get the shorter form
Relative to the variable y = r/D, this looks simpler
Let F = y a e byF (y); the functionF satisfies
When a and b are 5 :
this reads
which is a confluent Heun equation for H(α, β, γ, δ, η, y)
By imposing one of the two conditions for polynomial solutions [2] 
we produce the energy quantization rule
whence it follows
which coincides with the known exact result. It should be emphasized that confluent Heun equations from the cases 1) and 2) formally coincide; however all the parameters are in fact different:
5 We shall use below underlined values.
where
2
3 Standard treatment of the Coulomb problem
It should be emphasized that the both proposed treatments of the Coulomb problem for Dirac equation differ from the well known one 6 . Let us recall this standard approach. To this end, in the radial system (10)
one should introduce the new functions
this infers
or,
By summing and subtracting the equations, we obtain
In the variables
these equations read shorter
The system (55) can be solved in hypergeometric functions [73] .
To detail this point, translate eqs. (55) to a new variable y = 2x:
From whence it follows second order differential equations for F 1 and F 2 :
Let us study eq. (57) . With the substitution F 1 = y A e By f 1 it gives
The choice
simplifies eq. (59) to that of confluent hypergeometric type
with parameters
Imposing the polynomial condition α 1 = −n 1 we obtain the quantization rule for ǫ:
Allowing for the above definitions
and further from (66) we derive a formula for energy levels
which coincides with (47) . Now, let us consider second equation (58) . With the use of the substitution F 2 = y a e by f 2 :
we obtain an equation of the confluent hypergeometric type
Imposing the polynomial restriction α 2 = −n 2 we get the quantization rule for ǫ:
so we arrive at the formula for energy levels
Let us find a relative coefficient between two functions:
We substitute the expressions for the functions F 1 , F 2 in the first-order equation (68) 
We apply the rule of differentiation of the confluent hypergeometric function
as a result we obtain
Taking into account −n 1 = A − ǫ , we obtain
Now, we substitute the expressions for the functions F 1 , F 2 in the first-order equation (69) 
and use the formula for contiguous confluent hypergeometric functions
It is easily checked that two expressions for relative coefficients, (70) and (71), coincide. Indeed
4 The spin 1/2 particle in Coulomb field; solutions constructed completely by Heun functions
The idea to construct spectra within the Heun equation theory seems to be a very promising one. Let us try to consider, in this line of arguments, the known problem of a spin 1/2 particle in the presence of external Coulomb field. To this end, let us turn again to the equations in presence of Coulomb potential (when δ = +1)
After eliminating the function g, one gets
After changing the variable
equation (73) takes the form
By separating the two factors f (x) = x A e Cx F (x) , one derives for F
When A, C are taken as (the bound states being of first interest)
equation (76) 
The known condition to obtain polynomials is δ = −a n + γ + β + 2 2 .
which can bee written as 
This is the exact energy spectrum for the hydrogen atom in Dirac theory.
Conclusions
In the paper, the well-known quantum mechanical problem of a spin 1/2 particle in external Coulomb potential, reduced to a system of two first-order differential equations, is studied from the point of view of possible applications of the Heun function theory to treat this system. It is shown that in addition to the standard way to solve the problem in terms of the confluent hypergeometric functions (proposed in 1928 by G. Darvin and W. Gordon), there are possible several other possibilities which rely on applying the confluent Heun functions. Namely, in the paper there are elaborated two combined possibilities to construct solutions: the first applies when one equation of the pair of relevant functions is expressed trough hypergeometric functions, and another constructed in terms of confluent Heun functions. In this respect, certain relations between the two classes of functions are established. It is shown that both functions of the system may be expressed in terms of confluent Heun functions. All the ways to study this problem lead us to a single energy spectrum, which indicates their correctness.
